The kinetics of phase and population relaxation in quantum systems induced by noise with anomalously slowly decaying correlation function P (t) ∼ (wt)
where H s is the term independent of time and V (t) is the fluctuating interaction, which models effects of the noise. The evolution is described by the density matrix ρ(t) satisfying the Liouville equation ( = 1) 
V (t)-fluctuations are assumed to be symmetric ( V = 0) and result from stochastic jumps between the states |x ν in the (discrete or continuum) space {x ν } ≡ {x} with different V = V ν and H = H ν (i.e.
differentV =V ν ≡ [V ν , . . .] andĤ =Ĥ ν ):
Hereafter we will apply the bra-ket notation: |k and |kk ′ ≡ |k k ′ | for the eigenstates of H (in the original space) andĤ (in the Liouville space), respectively, as well as notation |x for states in {x}-space.
The macroscopic evolution of the system under study is determined by the evolution operatorR (t) in the Liouville space averaged over V (t)-fluctuations:
ρ(t) =R(t)ρ i withR(t) =
x,xiĜ (x, x i |t)P e (x i ),
whereĜ(x, x ′ |t) is the average evolution operator and P e (x) is the equilibrium distribution in {x}-space.
Non-Markovian V (t)-fluctuations will be described by the CTRWA [which leads to the non-Markovian SLE [9] forĜ(t)]. It treats fluctuations as a sequence of sudden changes ofV . The onset of any particular change of number j is described by the matrixP j−1 (in {x}-space) of probabilities not to have any change during time t and its derivativeŴ j−1 (t) = −dP j−1 (t)/dt. These matrices are diagonal and independent of j:
W 0 (t) ≡Ŵ i (t) = −dP i (t)/dt depending on the problem considered. For non-stationary (n) and stationary
, respectively, wherê t w = ∞ 0 dτ τŴ (τ ) is the matrix of average times of waiting for the change [8] .
In what follows we will mainly operate with the Laplace transforms denoted as Z(ǫ) = for any function Z(t). In particular, noteworthy is the relationˆ
in terms of a diagonal matrixΦ(ǫ) withΦ(ǫ) ǫ→0 ≈ (ǫ/ŵ) α , whereŵ is a constant matrix and α ≤ 1 (see below).
Evolution in {x}-space is governed by the jump operatorL = 1 −P in whichP is the the non-diagonal matrix of jump probabilities. Evolution leads to the equilibrium state |e x , satisfying eq.Lŵ α |e x = 0 and represented as |e x = x P e (x)|x with e x | = x x| [9] . Note that [see eq. (4)]
The CTRWA leads to the non-Markovian SLE forĜ(x, x i |t) [9] . Solution of this SLE yields [9] G
In particular, in the case of n-fluctuations (Ŵ i =Ŵ )
For s-fluctuations
Hereafter, for brevity, we omit the argumentΩ of all Laplace transforms if this does not result in confusions.
Useful models and approaches.
Sudden relaxation model (SRM). The SRM [9] assumes sudden equilibration in {x}-space described by operatorL
in which |e 0 = x P 0 (x)|x , e 0 | = x x|. For thisL
and e x | = e 0 |. In the model (10) one gets for anyˆ W î
whereˆ Quantum evolution of the two-level system is governed by the hamiltonian (assumed to be real matrix)
The two-state SRM suggests that fluctuations result from jumps between two states (in {x}-space), say, |x + and |x − whose kinetics is described bŷ
Below we will consider two examples of these models:
, and
2) Non-diagonal noise:
The first model describes dephasing while the second is useful for studying population relaxation.
In the model (13) dephasing and population relaxation are characterized by two functions: the spectrum I(ω) and the difference of level populations N (t):
with |s =
General results in the SCTL. Within the SCTL ( V /w c ≪ 1) especially simple results are 
where ω µ = µ|Ĥ s |µ , k n = 2Re(k +− ), and
Anomalous fluctuations. The simplest model for anomalous fluctuations can be written as [11] 
whereŵ is the matrix of fluctuation rates diagonal in |x -basis. For simplicity,ŵ is assumed to be independent of x, i.e.ŵ ≡ w(= w c ). The model (22) describes anomalously slow decay of the matrix W (t) ∼ 1/t 1+α (very long memory effects in the system [11] ), for which only the case of n-fluctuations is physically sensible.
In the SCTL (18) the model (22) yields the expression
which shows thatˆ R n (ǫ) [andR n (t)] is independent of the characteristic rate w. For α = 0 and α = 1 eq.
(23) reproduces the static and fluctuation narrowing limits [1] :
respectively.
Of certain interest is the limit α → 1 in which formula (23) predicts the Bloch-type exponential
controlled by the relaxation rate matrixŴ r = (α − 1)Re Ω ln(Ω) ǫ→0 , and accompanied by frequency shifts represented byĥ = i(α − 1)Im Ω ln(Ω) ǫ→0 . However, the matricesŴ r andĥ (unlike those in the conventional Bloch equation) are independent of the characteristic rate w of V (t)-fluctuations.
Dephasing for diagonal noise. In the model (15) the spectrum I(ω) can be obtained in the general SRM (10):
where
with θ(z) being the Heaviside step-function and n α = sin(πα)/π.
In the two-state SRM (15)
, where y = (ω 0 + ω)/(ω 0 − ω) (see also ref. [6] ). According to this formula anomalous dephasing (unlike conventional one [1] ) leads to broadening of I(ω) only in the region |ω| < ω 0 and singular behavior of I(ω) at ω → ±ω 0 : Dephasing for non-diagonal noise. The model (16) allows one to reveal some additional specific features of dephasing. We restrict ourselves to the analysis of the case H s ∼ ω s w and the most interesting part of the spectrum at |ω| ∼ ω s . Equations (19) and (20) show that in this case the elements µ|R(t)|µ , (µ = +−, −+), which describe phase relaxation are given by µ|R(t)|µ =
, where E α (−z) = (2πi)
dy e y /(y + zy 1−α ) is the Mittag-Leffler function [11] .
Therefore for |ω| ∼ ω s
with x = ω/(|k +− | 1/α w), n 0 = (π|k +− | 1/α w) −1 , and
Formula (26) predicts singular behavior of I(ω) at ω ∼ ±ω s : I(ω) ∼ 1/|ω ± ω s | 1−α , and slow decrease of I(ω) with the increase of |ω ± ω s |: I(ω) ∼ 1/|ω ± ω s | 1+α .
In the limit ω s /w ≪ 1 φ x ≈ παθ(x) so that I 0 (ω) ∼ θ(ω). This means that for ω s /w ≪ 1 the spectrum I(ω) is localized in the region |ω| < ω s and looks similar to I(ω) for diagonal dephasing at α < α c (see Fig. 1 ). For ω s /w 1, however, I(ω) is non-zero outside this region, moreover, in the limit ω s /w ≫ 1 the spectrum I 0 (ω) becomes symmetric: I 0 (ω) = I 0 (−ω), similar to the conventional spectra.
It is also worth noting that for ω s /w ≪ 1 functions µ|R(t)|µ and I(ω) are independent of w [in agreement with eq. (18)] since k µ ∼ (ω s /w) α and k µ (wt) α ∼ (ω s t) α . In the opposite limit, however,
Population relaxation. Specific features of anomalous population relaxation can be analyzed with the model of non-diagonal noise (16).
In particular, in the limits H s ∼ ω s w and 1 − α ≪ 1 with the use of eqs. (19), (20) and (24) one gets
respectively, where E α (−x) is the Mittag-Leffer function defined above and
The first of these formulas predicts very slow population relaxation at t > τ r = w
is, in fact, independent of w in the limit ω s /w ≪ 1 because in this case k n ∼ (ω s /w) α . In the opposite limit ω s /w > 1 the characteristic time population relaxation is ∼ w −1 since k n is independent of w as with the phase relaxation.
In the limit H s , V ≪ w one obtains
where Ω β (ǫ) = [(ǫ+ 2iE 0 ) β + (ǫ− 2iE 0 ) β ]/2 and E 0 = v 2 + ω 2 s /4. Naturally, in the corresponding limits expression (30) reproduces formulas (29) with k n ≈ 2 α−1 cos(πα/2)(E 0 /w) α and w α ≈ π(1 − α)v 2 /E 0 (Fig. 2 ). Outside these limits N (t) can be evaluated numerically (some results are shown in Fig. 2 ). In general, N (t) is the oscillating function (of frequency ∼ E 0 ) with slowly decreasing average value and oscillation amplitude: for E 0 t ≫ 1 N (t) ∼ 1/t α (except the limit α → 1).
Concluding remarks. The presented analysis of relaxation kinetics in quantum systems induced by anomalous noise demonstrates a number of peculiarities of this kinetics. The peculiarities are analyzed with the use of the two-level quantum model, as an example, though the observed anomalous effects can show themselves in more complicated multi-level quantum systems. The proposed theoretical method is quite suitable for the analysis of these systems. This work is currently in progress.
Noteworthy is that in some limits the theory developed predicts relaxation kinetics described by the Analysis also shows that in the expression for R the terms ∼ w(ǫ/w) 1+α occur as well. They lead to the inverse power-type asymptotic behavior of µ|R(t)|µ ∼ 1/t 2+α observed, however, only at very long times t ≫ w −1 .
In our brief analysis we neglected the effect of possible natural width of lines corresponding to the additional slow exponential relaxation in the system. It is clear that the developed method allows one take in account these effects straightforwardly in case of need. 
